Abstract. In this paper, we extend some results proved in previous references for three-dimensional Navier-Stokes equations. We show that when the norm of the velocity field is small enough in L 3 (IR 3 ), then a global smooth solution of the Navier-Stokes equations is ensured. We show that a similar result holds when the norm of the velocity field is small enough in H 1 2 (IR 3 ). The scale invariance of these two norms is discussed.
Introduction
The incompressible Navier-Stokes equations on the Euclidean space IR 3 can be expressed as
where v is a divergence free vector field, with three components (v x , v y , v z ) each of which may be functions of space and time coordinates (x, y, z, t). The three partial differential equations (1.1) represent the mathematical description of the state of a moving fluid by relating its velocity field v(x, y, z, t) and any two thermodynamic quantities pertaining to the fluid, for example the pressure P (x, y, z, t)and the mass density ρ(x, y, z, t). The mass density is constant ρ 0 for an incompressible fluid. The positive coefficient η is called the dynamic viscosity, describing the quality of the fluid, while ν = η ρ 0 is called the kinematic viscosity. In general the viscosity coefficient is a function of pressure and temperature of the fluid. As pressure and temperature may not be constant throughout the fluid, the viscosity coefficient also may not be constant throughout the fluid. The incompressibility condition reads ∇ · v = 0. This last relation is equivalent to ρ(x, y, z, t) = ρ 0 . A general introduction to Navier-Stokes equations can be found in [1] .
The problem of whether the three-dimensional incompressible Navier-Stokes equations (1.1) can develop a finite time singularity starting from smooth initial conditions or if a (unique) global smooth vector field solution exists, which means smooth for all times, is still unresolved [2, 3, 4, 5, 6] . By smooth functions, we mean functions that are divergence free, infinitely differentiable, square integrable and with strong decay properties at infinity. This problem is recognized as one of the Millennium problems [7, 8] .
The purpose of this paper is to prolong some partial results and arguments that we have introduced in [1] is small enough, in a sense that will be defined in the following, then a global smooth solution of the Navier-Stokes equations exists.
Definitions and Notations
Let us precise the definitions that we use extensively in the following. The Euclidean norm (squared) of a vector v is written as
, where the sum runs over
, where the integrand is simply the Euclidean norm (squared) of the vector v(x, y, z).
In short, a function defined on the Euclidean space IR 3 possesses a L 2 (IR 3 ) norm if it is square integrable. Obviously, if the vector field is also a function of t, v(x, y, z, t),
In general, the L p (IR 3 ) norm of a vector field that may depend on t, v(x, y, z, t), is defined as
This extends the property of square integrable functions to any exponent p. An interesting property holds for L p (Ω) norms defined on a subset of IR 3 of finite dimensions. It can be shown that L q (Ω) with q > p is embedded in L p (Ω), or equivalently there exists a constant K independent of the subset Ω such that
This means that higher L q>p (Ω) norms can control lower ones for bounded subset or IR 3 . This can also be formulated as the general property that higher L q (Ω) norms have more regularity than smaller ones. In the following we show how to extend this kind of observation in the context of the incompressible Navier-Stokes equations on the Euclidean space IR 3 . Based on the Navier-Stokes equations and the previous notations, there are two important relations that we can derive concerning the L 2 (IR 3 ) of the velocity field and its first gradient. They read
where we omit the sum operator for repeated indices. A complete proof of equations (3.2) and (3.2) can be found in [1] . They are essential for addressing the Millennium problem in the following sense:
(t) is bounded up at all times [1] . Therefore, once this is ensured that the L 2 (IR 3 ) norms of the velocity field and its first gradient (in some cases) are bounded up at all times, then a global smooth solutions of the Navier-Stokes equations exists [2, 3] . In [1] we have discussed some particular cases for which the L 2 (IR 3 ) norm of the first gradient of the velocity field is defined. All those cases depend obviously on how we can bound up the integral
Let us remind the trivial case of the two-dimensional Euclidean space where this integral is zero. This proves immediately that the first gradient of the velocity field possesses a L 2 (IR 2 ) norm and therefore, the existence of a global solution to Navier-Stokes equations on IR 2 .
In this paper, we want to show that if v
is small enough, in a sense that needs to be defined precisely, then a global smooth solution of the Navier-Stokes equations exists. First, we prove the following lemma.
Lemma 3.1. For solutions of Navier-Stokes equations, with smooth initial conditions, there exists a positive constant C such that
Proof. To prove this lemma, we need bound up the right hand side of equation (3.2). First, by integration by parts and using the incompressibility condition ∂ i v i = 0, we can write
Then, we can bound each gradient by its Euclidean length and apply the the Holder's identity. We obtain
We need to deal with the term in ∇ v L 6 (IR 3 ) . Ideally, we would like to express it in term of a smaller L p (IR 3 ) norm. This can be achieved by using a general Sobolev's inequality on IR 3 :
, verified for a function u defined on IR 3 such that the above integrals exist and where C(p) is a constant depending only on p. We apply this inequality for p = 2 with u being the first gradient of the velocity field. We get
, Where C is a constant that does not depend on the velocity field. Finally, combining equations (3.4) and (3.5), we obtain
which completes the proof.
Let us rewrite equation (3.3) as
The last step is to use the Poincaré's inequality
where K is a positive constant. Therefore, if the norm of the velocity field in
(t) exists at all times and consequently a global solution to Navier-Stokes equations exists also.
In summary, when the norm of the velocity field is small enough in
≤ ν/C, then a global smooth solution of the Navier-Stokes equations exists. In [1] , we have discussed the case where the L 4 (IR 3 ) norm of the velocity field is bounded up, from which the existence of global smooth solutions can be deduced. The result of this paper is stronger in the sense that we have proved the result for a smaller norm. 
L 3 norm and scale invariance
A key property of the Navier-Stokes equations is that they are invariant under the scale transformation [1] v λ ( x, t) = λ v(λ x, λ 2 t) (4.1)
This means that if the velocity field v(x, y, z, t) is a solution of the equations, then the velocity field v λ (x, y, z, t) is another acceptable solution (by construction). We can think of this transformation, with λ ≫ 1, as taking the fine scale behavior of the velocity field v(x, y, z, t)and matching it with an identical (but rescaled and slowed down) coarse scale behavior v 1/λ (x, y, z, t).
Interestingly, we can observe how different L p (IR 3 ) norms of the velocity field are transformed by this scale transformation
which can be continued trivially for any L p (IR 3 ) norms. The important feature of the L 3 (IR 3 ) norm of the velocity field is that it is scale invariant. Hence, a bound on the L 3 (IR 3 ) norm of the velocity field is invariant for v 1/λ when the parameter λ is increased. We have shown in the previous section that if this norm is small enough, no blow up can occur by shifting the solution of Navier-Stokes equations to smaller scales. This is consistent with the mathematical property of the scale invariance of this particular L 3 (IR 3 ) norm.
Let us conclude by remarking that the same property of scale invariance holds for the norm of the velocity field defined in the Sobolev's set H 
